We investigate the dynamics of a dark-bright soliton in a harmonic potential using a mean-field approach via coupled nonlinear Schrödinger equations appropriate to multicomponent Bose-Einstein condensates. We use a modified perturbed dynamical variational Lagrangian approximation, where the perturbation is due to the trap, taken as a Thomas-Fermi profile. The wavefunction ansatz is taken as the correct hyperbolic tangent and secant solutions in the scalar case for the dark and bright components of the soliton, respectively. We also solve the problem numerically with psuedospectral Runge-Kutta methods. We find, analytically and numerically, for weak trapping the internal modes are nearly independent of center of mass motion of the dark-bright soliton. In contrast, in tighter traps the internal modes couple strongly to the center of mass motion, showing that for dark-bright solitons in a harmonic potential the center of mass and relative degrees of freedom are not independent. This result is robust against noise in the initial condition and should, therefore, be experimentally observable.
I. INTRODUCTION
Solitons are emergent excitations of atomic matter waves in Bose-Einstein condensates (BECs). In their simplest form they appear in highly visible form as density peaks (bright soliton) or notches (dark solitons) in scalar BECs [1] [2] [3] [4] . The experimental realization of multiplecomponent BECs, where different atom species or internal states of the same atom type can be populated, has aroused considerable interest in vector solitons. The twocomponent vector soliton of different forms (i.e., darkdark solitons [5] [6] [7] , bright-bright solitons [8] or darkbright solitons [9] [10] [11] [12] [13] [14] ) give rise to much richer phenomena than the single-component BECs, where one already finds, for example, soliton trains [15] , domain walls [16] , collective excitations and complex dynamics. In this Article we focus on the case of the dark-bright soliton. Although in scalar BECs the bright soliton can only exist for attractive interatomic interactions [17] , it can also be induced in purely repulsive multi-component BECs when a second component is occupies the density notch formed by a dark soliton in the first component. In this way, a dark soliton in one component forms an effective potential that traps the bright soliton component and therefore allows the creation of a nonlinear excited state. These solitons are sometimes referred to as symbiotic. We use the term dark-bright soliton for clarity [11, 18] .
The nonlinear Schrödinger equation (NLSE) without the potential term is an integrable equation and possess solitonic solutions. By adding a potential term, in our case a harmonic potential, we work with the celebrated Gross-Pitaevskii equation (GPE) . The oscillation of nonlinear excitations in a harmonic potential is a common problem that has been the focus of many studies, as such large scale motions are easily observable in BEC experiments. Of particular interest is the oscillation of twocomponent excitation like a bright-bright soliton, darkdark soliton [19] or dark-bright soliton [20] . In these studies, usually, the ansatz used to describe the darkbright soliton contains one variable to describe the position of the dark and bright components. A more realistic situation is to relax this restriction and allow the two components to move freely by adding one more degree of freedom to the problem, namely, the internal oscillation between the two components. We study the coupling between the internal oscillation of the two components in the dark-bright soliton and the oscillation of the whole system in a harmonic potential. The harmonic potential modifies the background of the dark component in a dark-bright soliton. Therefore a Thomas-Fermi background approximation is needed where the new dark component wave function is represented by subtracting the old dark component density from the harmonic potential function. The result is a dark soliton on a top of parabola-shaped background, Fig. 1 .
It is well-known in the classical two-body problem that relative and center of mass degrees of freedom are independent in a harmonic potential. A dark-bright soliton represents an emergent two-body semiclassical object in the context of the mean-field approximation on the manybody wavefunction underlying the BEC. To what extent does this emergent structure have the same properties as a classical two-body problem? An elementary consideration is separation of relative and center of mass degrees of freedom. Previous treatments have avoided this question by pinning the dark and bright solitons to the same position. By relaxing this constraint, in this Article, via both variational Lagrangian analytical methods and numerical solution of the GPE, we show that in general relative and center-of-mass degrees of freedom are not independent for the dark-bright soliton. In contrast, these degrees of freedom are independent in the uniform case, where the center-of-mass motion is associated with a Goldstone mode [21] . For a weak enough trap, the separation of variables from the uniform case is only very weakly affected by the trap. However, as the trap strength grows this separation of variables is lost.
This Article is structured as follows. In Sec. II we present the two-component GPE, the variational Lagrangian model, use perturbation theory, and derive the equations of motion for the bright and dark soliton com-ponents. In Sec. III we numerically integrate the dimensionless GPE using a psuedo-spectral Runge-Kutta method and study the dynamics of the oscillation of the dark-bright soliton in a harmonic potential. Finally, in Sec. IV we summarize our conclusions.
II. ANALYTICAL CALCULATIONS

A. Lagrangian density and ansatz
The two-component dark-bright soliton is governed by coupled GPEs [2] , which describe the evolution of the macroscopic wave functions of Bose condensed atoms:
where tildes denote dimensional quantities. The wave function of the dark soliton is given byũ ≡ũ x,t and of the bright soliton byṽ ≡ṽ x,t . The dark soliton wave function is rescaled to remove the background contribution,ũ 0 [22] . Although this is not necessary for the harmonic trap since there is no divergence in the total number of atoms, in order to match smoothly onto the untrapped limit and connect well with previous results from a uniform system [21] , we include this subtraction. The interaction strength,g j = 2a j N ω ⊥ for (j = 1, 2), is renormalized to 1D [23] whereg 1 (g 2 ) represents the intra-atomic interaction for the dark (bright) component and g is the inter-atomic interaction between the two components of the BEC. The total number of atoms is N , the scattering length is a j and ω ⊥ is the oscillation frequency of the transverse trap. To nondimensionlize Eqs.
(1) we multiply them by ( ω ⊥ ) −1 and scale all quantities according to the following units:
where ⊥ = / (mω ⊥ ) is the transverse harmonic oscillator length. The dimensionless version of the coupled GPEs is,
The potential in Equations 3 takes the form,
for both components. We assume Ω 1 and therefore we treat the harmonic potential as a small perturbation effect. Despite the fact that x 2 → ∞ in Eq. (4), because V (x) always multiplies a background ThomasFermi wavefunction, the total perturbation is always small. Even outside the Thomas-Fermi approximation, Gaussian tails in realistic BEC profiles in a harmonic trap will fall away much faster than x 2 diverges, making this perturbative picture a physically reasonable one beyond our approximations. The existence of the harmonic potential affects the background density of the dark-bright soliton, Fig. 1 . Consequently, we have to modify the usual assumption for a dark soliton of a uniform background and assume the dark soliton is supported by a Thomas-Fermi background condensate of form
We recast Eqs. (3) to the following:
where the RHS of Eqs. (6) represent the perturbation effects,
dx . The Lagrangian density for the system of coupled equations, Eqs. (6) is:
We adopt the following trial functions as the darkbright soliton solutions to Eqs. (6):
The parameters A, c, F describe the amplitude of the two components where,
and A determines the velocity of the dark soliton component. In the exponential term in Eqs. 9, φ 0 gives rise to a complex amplitude to the bright soliton component. The velocity of the bright soliton is given by φ 1 , and d and b are the position of the dark and bright soliton, respectively. Since we are using hyperbolic functions as an ansatz, we assume the two components have the same width, w, for the problem to remain analytically tractable [24] . There are 8 variational parameters subject to 1 constraint. The 8 variational parameters as shown in Eq. (9) are A, c, d, w, F , b, φ 0 and φ 1 where we note Eq. (10) effectively reduces the number to 7.
In this ansatz, we have assumed a fixed background, i.e., there is no motion of the Thomas-Fermi background with respect to the harmonic trap. The ansatz also neglects phonon effects. Both of these restrictions will be relaxed in our numerical treatment in Sec. III. We utilize the following normalization conditions,
Here N 1 is the number of atoms displaced by the dark soliton and N 2 is the number of atoms in the bright soliton, and N the total number of holes and atoms involved in the emergent feature of the dark-bright soliton only.
In contrast, the total number of atoms in the condensate is
N total as many more atoms are in the ThomasFermi background supporting the dark soliton, see the sketch in Fig. 1 . Likewise the number of holes, i.e. the atoms displaced by the dark soliton, is typically much less than the total number of atoms even after subtracting out N 2 , i.e., N 1 N total − N 2 . This choice corresponds to the same normalization choice as used in unbounded systems without traps, and therefore allows us to check all results in the limit that trap frequency Ω → 0. By inserting the ansatz, Eqs. (9), in the normalization, Eqs. (11), we find the relation between N 1 , N 2 and the coefficients of the two components in the dark-bright soliton:
Out of the 8 experimental parameters g, N, g 1 , N 1 , g 2 , N 2 , u 0 and Ω, only 5 remain after taking into account the 3 constraints of Eqs. (12) after the variational procedure. We choose g, N 1 /N 2 , g 1 , g 2 and Ω as the "free parameters".
B. Evolution equations
Using a perturbation technique in the variational method also modifies the standard Euler-Lagrange. To find the equations of motion that govern the behavior of the variational parameters we utilize the following modified Euler-Lagrange equation as defined in [22] :
dxL, L is the Lagrangian density in Eq. (8) and a j represents the variational parameters whereȧ j ≡ da/dt. We obtain R * u and R * v by inserting Eq. (9) into Eq. (7) and take the conjugate of the outcome. Also, inserting Eqs. (9) into Eq. (8) and integrating, we obtain the Lagrangian as a function of the variational parameters,
2 0
Applying the modified Euler-Lagrange equations, Eq. (13), yields a system of coupled nonlinear ordinary differential equations (ODEs) that describe the evolution in time of the variational parameters under the influence of the harmonic potential,
where Γ 1 and Γ 2 in Eq. (15a), Eq. (15b) and Eq. (15d) are represented as follows,
In Eqs. (15) we have an algebraic equation, Eq. (15g), where we do not have any derivatives of the variational parameters. In addition we use the the constraint, Eq. (10) . In this case, we expect to find only 6 frequencies out of the total 8 equations of the system in Eqs. (15) .
C. Normal modes
The system of equations, Eqs. (15) has a fixed point,
where w fp is determined by the constraints of Eqs. (12) . We continue by linearizing Eqs. (15) around the fixed point Eq. (17). Here we set,
where ω is the oscillation frequency between the two components and the a j are the 8 variational parameters. Keeping δa j to linear order results in a matrix equation of the form, 
(19) where [0] refers to a column vector with eight entries of value zero. The nonzero terms are written in Appendix A. Taking the determinant of the matrix and solving for the eigenfrequencies, ω, we obtain,
where as mentioned already only six eigenfrequencies are expected due to constraints and the form of the coupled nonlinear ODEs in Eqs. 15. Solving the determinant we obtain,
where we write out the long expressions for α 1 , α 2 and α 3 in Appendix A. Since we are considering a small oscillation frequency, Ω 1, we expand the coefficients (i.e., α 1 , α 2 and α 3 ) around Ω → 0 and find that α 3 → 0. Therefore, we end up with one internal oscillation frequency of interest,
The dark-bright soliton we consider exists in repulsive media, therefore, g, g 1 and g 2 all take positive values. In this case, α 1 < 0, α 2 > 0 for any values of the free parameters mentioned in Sec. II A. In Fig. 2 we plot a typical case for in the internal oscillation frequency, Eq. 22, using the same parameters as our previous treatment of the uniform case for comparison [21] . The result is nearly independent of trapping frequency until a sudden strong coupling for larger Ω, beyond which the result turns imaginary. However, this is also beyond the assumptions of the model, namely Ω 1. Therefore we examine the questions of the real trend in a more thorough numerical treatment in Sec. III.
D. Nonlinear dark-bright soliton motion
The system of Eqs. (15) also can be simplified to a smaller set of second order nonlinear coupled ODEs. From Eq. (15e) and Eq. (15f), we obtain the following,
with the help of Eq. (15a), we get our first second order differential equation (ODE),
Note that when we set c = 0 (i.e., eliminating the dark soliton) Eqs. (24) recovers the well-known oscillation frequency of the one-component bright soliton in a harmonic potential,b
In the limiting case, g = 0 because there is no interaction between the bright soliton and the dark soliton. The second ODE is obtain by inserting Eq. 
+ 4g
Equation (26) take the formḋ = f (A(t), Γ 2 (t)). Taking the total time derivative of Eq. (26) yields, where α is obtained from Eq. (26) and Eq. (15b),
By plotting Eq. (24) and Eq. (27) we obtain Fig. 3 , where the interplay between external and internal degrees of freedom of the dark-bright soliton is clearly evident, showing that the assumption of the two components moving together, as found in previous treatments before this Article, does not capture the richness of the dynamics.
III. FULL NUMERICAL EVOLUTION OF THE COUPLED GPES
We now numerically study the oscillation of the darkbright and the internal oscillation between the two components in a harmonic potential described by Eq. (4), making no other assumptions beyond coupled GPEs. Throughout this section, we present the simulations with grid size n x = 256 in a box with hard-wall boundaries, noting that this is sufficient to converge our simulations. For example, the error bars are smaller than the point size for internal frequencies (see Fig. 2 ) even when we cut the grid in half to 128 points. The box length is set to L = 100 unless otherwise noted.
A. Dark-bright soliton in harmonic potential
To move a dark-bright soliton in a harmonic potential, we may imprint a phase on the bright component or the dark component but with a fundamental difference between these two methods. If we imprint a phase difference on the dark component only, it will move slowly such that it will pull the bright component with it but without any oscillation between the two components. For this method, it is noteworthy to mention that an ansatz with only one variable to represent the location of the dark and bright components is a valid choice to describe the moving dark-bright in a harmonic potential as this is the case for other studies [20] . But since we are interested in the oscillation of dark-bright soliton in a harmonic potential with an additional degree of freedom, namely, the internal oscillation of the two components, we work with the second method (i.e., imprinting a phase on the bright component only). In this method, the relatively small density of the bright component moves faster when imprinting a phase on it and as a result, it will drag the dark soliton with it and form an oscillation between the two components. Therefore, the dark-bright soliton will move, and we study the center-of-mass trajectory to calculate the oscillation of the dark-bright soliton as a whole.
In Fig. 4 and Fig. 5 , we plot the outcomes from the numerical simulations and the analytical calculations of the bright and dark components, respectively. In each plot, the upper panel shows the density, and the lower panel the phase. The analytical results, the white line in the center of the bright and dark components, oscillate with nearly the same frequency as the numerical results, showing a small deviation after many trap periods. This deviation is a result of the interaction between the darkbright soliton with the reflected phonons, not captured in the analytical model where we assumed an inert ThomasFermi background. When the dark-bright soliton moves in a harmonic potential, phonons are created and propagate away with the speed of sound. They then reach the low density regions of the BEC at the harmonic trap edges and turn back around to interact with the darkbright soliton.
To test the analytical predictions against the numerical outcomes, we plot the center of mass oscillation frequency ω DB of the dark-bright soliton vs. the trapping frequency Ω in Fig. 6 . The analytical results are obtained by evolving the nonlinear ODEs and performing a Fourier transform. These scale almost linearly together showing they are nearly but not quite proportional for weak trapping. For small trapping frequencies, as shown in Fig. 2 , the internal frequency is also nearly independent of the trap. This is an indication that the internal oscillation of the two components does not couple with the oscillation of the dark-bright soliton in the weak trapping case. In contrast, our coupled GPE simulations show that for stronger trapping the internal degree of freedom is strongly dependent on the trap frequency, see Fig. 2 . In this regime, the analytical result diverges to zero, but the numerical result increases. We interpret these results further in Sec. IV.
B. Robustness of dark-bright soliton oscillations
In this section, we address the question of experimental observability. How stable are the dominant frequencies of dark-bright soliton motion in a harmonic trap? To answer this questions, we add white noise to the system in the spatial Fourier transform of the initial condition at the 5% level, then reverse Fourier transform to obtain a noisy initial state. Propagating this noisy initial state, we plot two cases for the same harmonic potential trap Oscillation frequencies of the dark-bright soliton in harmonic potential. A Fourier transform of our numerical results allows us to pick out the important frequencies in the problem. We show here a sample case of Ω/2π = 0.0064. The first dominant frequency is located at ω/2π = 0.0039 which corresponds to the center of mass oscillation of the dark-bright soliton in the harmonic potential. The second dominant frequency is located at ω/2π = 0.032 , and corresponds to the internal oscillation between the two components. Overall the dynamics is in fact quite rich, with many aspects to the motion, as observed in the dense Fourier tail.
frequency, Ω/2π = 0.0064 in Fig. 8, 9 , 10 and 11. The free parameters are again taken to match our test case used throughout this paper, although we also examined other cases to find similar features. In Fig. 8 and  9 we plot the density of the bright component and the dark component, respectively. The dark-bright soliton oscillates with ω DB /2π = 0.0039 and the internal oscillation in this case is ω internal = 0.032. The noisy case is found to oscillate with the same frequency but with a slightly reduced oscillation amplitudeas can be seen in Fig. 10 for the bright component and in Fig. 11 for the dark component. Thus we expect our predictions to be experimentally observable.
IV. CONCLUSIONS
We obtained a system of equation of motions for a dark-bright soliton in a harmonic potential. We used a variational method with a hyperbolic tangent for the dark component and a hyperbolic secant for the bright component. The harmonic potential modifies the background of the dark component according to the wellknown Thomas-Fermi background approximation. A perturbation method was needed to include the effect of the harmonic potential, which amounts to restricting our analytical treatment cigar-shaped traps, also common in experiments.
The decoupling of relative and center of mass degrees of freedom for the harmonic case occurs for the classi- cal two-body problem as well as its quantum extension, including to more than two particles, with relative coordinates appropriately generalized. It is not immediately obvious this decoupling should also occur for a two-body bound state of two emergent features, a bright and a dark soliton. For example, spontaneous symmetry breaking often causes such emergent properties to not respect underlying symmetries. In previous work, we showed that for a uniform system the decoupling in fact does hold [21] . For a weak trap, this property nearly holds, but as the trapping strength is increased, internal oscillations and external motion are strongly coupled. The effective potential, consisting of a sum between the potential and the mean field, may well be responsible for this effect, as found for example in non-exponential tunneling decay out of quasibound states in the scalar case [25] [26] [27] . As the trap is tightened the edges of the condensate are deformed by approach of the dark-bright soliton during its oscillations. Because we treat a purely repulsive condensate in both components, the effective potential is larger than the bare potential, leading to a higher effective trapping frequency. Moreover, the edges of the trap now impinge on the dark-bright soliton internal oscillations, shortening the internal oscillation time and therefore leading to a higher frequency. The result is a coupling between center of mass motion deforming the effective potential, and internal oscillations being sped up by the deformation.
Future work could be the study of the internal oscillation of the two-component dark-bright soliton in a harmonic potential with an impurity at the center to look at the damping of a dark-bright soliton under periodic interaction with an impurity. Other works have investigated the interaction of a dark-bright soliton in a harmonic potential with an impurity, but they did not take into account internal modes. Thus we suggest adding one more degree of freedom, namely, a relative coordinate for the position of the dark and bright solitons, which as we have shown is vital to understand and predict harmonic motion. 
